I. INTRODUCTION
The polarizabilities of a composite system such as the pion are elementary structure constants, just as its size and shape. They can be studied by applying electromagnetic fields to the system. The physical content of the polarizability can be visualized best by effective multipole interactions for the coupling of the electric ( E) and magnetic ( H) fields of a photon with the internal structure of the pion. This structure can be accessed experimentally by the Compton scattering process γ + π → γ + π or the crossed-channel reaction γ +γ → π +π. When expanding the Compton scattering amplitude in the energy of the photon, the zeroth-and first-order terms follow from a low-energy theorem and can be expressed solely in terms of the charge and mass of the pion. The second-order terms in the photon energy describe the response of the pion's internal structure to an external electric or magnetic dipole field, they are proportional to the electric (α) and magnetic (β) dipole polarizabilities, respectively. Expanding the Compton amplitudes to higher orders in the energy, one obtains higher-order polarizabilities, e.g., the quadrupole polarizabilities at fourth order.
From the theoretical side there is an extraordinary interest in a precise determination of the pion polarizabilities. Within the framework of the partially conserved axial-vector current (PCAC) hypothesis and current algebra the electromagnetic polarizabilities of the charged pion are related to the radiative decay π + → e + ν e γ [1] . The result obtained using chiral perturbation theory (ChPT) at leading non-trivial order (O(p 4 )) [2] is equivalent to the original PCAC result, α π + = −β π + ∼l ∆ , wherel ∆ ≡ (l 6 −l 5 ) is a linear combination of scale-independent parameters of the Gasser and Leutwyler Lagrangian [3] . At O(p 4 ) this difference is related to the ratio γ = F A /F V of the pion axial-vector form factor F A and the vector form factor F V of radiative pion beta decay [3] , γ =l ∆ /6. Once this ratio is known, chiral symmetry makes an absolute prediction for the polarizabilities. Using the most recent determination γ = 0.443 ± 0.015 by the PIBETA Collaboration [4] (assuming F V = 0.0259 obtained from the conserved vector current hypothesis) results in the O(p 4 ) prediction α π + = 2.64 ± 0.09 in units of 10 −4 fm 3 , where the estimate of the error is only the one due to the error of γ and does not include effects from higher orders in the quark mass expansion.
Corrections to the leading-order PCAC result have been calculated at O(p 6 ) in chiral perturbation theory and turn out to be rather small [5, 6] . Contrary to the situation of the nucleon, no "matter fields" with their own mass scale are present, and therefore the calculations can be performed in the original formulation of ChPT [3] . This makes the following predictions for the polarizabilities a very significant test of this theory [6] :
α π + − β π + = 5.7 ± 1.0 .
The error for α π + + β π + is of the order 0.1, mostly from the dependence on the scale at which the O(p 6 ) low-energy coupling constants are estimated by resonance saturation.
The forward polarizability could also obtain relatively large contributions at O(p 8 ). On the other hand, there is as yet no indication of large higher-order effects for the backward polarizability α π + − β π + . For further information on low-energy πγ reactions we refer to the recent review by Kaiser and Friedrich [7] .
The pion polarizability has been studied in lattice QCD [8] . The valence-quark contribution to the electric polarizability was shown to yield only the small value α π + ≈ −0.17, one order of magnitude smaller than the value predicted by ChPT. It is, of course, not surprising that sea quarks and their correlations must play an important role, most likely configurations with the quantum numbers of the pion. In a recent contribution, Hu et al.
also conclude that polarizabilities are difficult to predict in lattice QCD because of (partial)
quenching and volume effects [9] . However, these authors point out that forthcoming lattice QCD results can be used as a diagnostic for ChPT.
The results of ChPT are in sharp contrast with the predictions of Fil'kov and Kashevarov [10, 11, 12, 13 ] who obtain
in recent work [13] based on dispersion relations (DRs). The dispersion integrals are saturated by various meson contributions in the s and t channel. The free parameters are essentially fixed by the known masses, total widths, and partial decay widths of these mesons at resonance. However, the extrapolation to energies below and above the resonance is performed with specific resonance shapes whose analytic properties leave room for a considerable model dependence.
The very small value predicted by Eq. (1) , that is Baldin's sum rule applied to the pion, makes a measurement of this observable close to impossible. The experiments are therefore analyzed with the constraint α π + = −β π + . Unfortunately, the experimental situation is rather contradictory, see Refs. [6, 14] for recent reviews of the data and further references to the experiments. There exist basically three different methods to measure α π + : (I) the reactions e + e − → γγ → π + π − , (II) the Primakov effect of scattering a relativistic pion in the Coulomb field of a heavy nucleus, and (III) the radiative pion photoproduction, p(γ, γ ′ π + n), which contains Compton scattering on an off-shell pion as a subprocess. The latter reaction was recently investigated at the Mainz Microtron MAMI with the result [14] α π + − β π + = 11.6 ± 1.5 stat ± 3.0 syst ± 0.5 mod ,
which is at variance with the prediction of Gasser et al. [6] by two standard deviations.
In view of the theoretical uncertainties from the fact that the photon is scattered by an off-shell pion, the deviation from theory is an open problem. In particular, we point out that the model error in Eq. (4) is estimated by comparing the analysis with 2 specific models. This does not exclude that a wider range of models will lead to larger model errors.
Because the pion polarizability is extremely important for our understanding of QCD in the confinement region, it is prerequisite to check the given arguments by a full-fledged
ChPT calculation of the reaction p(γ, γ ′ π + n).
The second method to determine the polarizability, the Primakov effect, has been studied at Serpukhov with the result [15] α π + − β π + = 13.6 ± 2.8 stat ± 2.4 syst ,
in agreement with the value from MAMI. Recently, also the COMPASS Collaboration at CERN has investigated this reaction, and the data analysis is underway [16, 17] .
Unfortunately, the third method based on the reactions e + e − → γγ → π + π − , has led to even more contradictory results in the range 4.4 ≤ α π + ≤ 52.6, as listed in the work of Gasser et al. [6] . Therefore, one has to wait for an improved analysis of the data before final conclusions can be drawn. At the same time new and independent experimental effort is invaluable, such as the planned experiment at Jefferson Lab after the 12 GeV upgrade.
In this work we address the conflicting results obtained by ChPT and DRs. Section II gives a brief introduction to the kinematics and scattering amplitudes relevant for these studies. In Sec. III we summarize the elements of previous calculations in the framework of dispersion relations. Moreover, the approximations involved are critically investigated within several simple but pertinent approximations. Our results for dispersion relations in the t channel are presented in Sec. IV. Finally, we give our conclusions in Sec. V.
II. KINEMATICS AND SCATTERING AMPLITUDES
Let us consider the kinematics of Compton scattering, the reaction
, where the variables in brackets denote the 4-momenta of the participating particles.
The familiar Mandelstam variables are
which are constrained by s+t+u = 2m 2 , where m is the pion mass. The crossing-symmetric variable ν is defined by
The two Lorentz-invariant variables ν and t span the Mandelstam plane shown in Fig. 1 .
They are related to the initial (E γ ) and final (E ′ γ ) photon lab energies and to the lab scattering angle θ by
The scattering matrix of Compton scattering on the pion, T , can be expressed by 2 independent amplitudes A i (ν, t), i = 1, 2. These structure functions depend on ν and t, they are free of kinematic singularities and constraints, and because of the crossing symmetry they satisfy the relation A i (ν, t) = A i (−ν, t). We further note that the functions A i are real in the interior of a triangle formed by the dashed lines s = t = u = 4m 2 in Fig. 1 . In the following we use these amplitudes to set up DRs. The amplitudes A i are related to the amplitudes T i of Prange [18] as follows:
with η = 4ν
In terms of these amplitudes, the T matrix takes the form
where ε and ε ′ are the photon polarization four-vectors in the initial and final states, respectively. Furthermore we have defined the following 4-vectors
with ǫ 0123 = +1. The differential cross section for Compton scattering is constructed from the T matrix by
where
We further note that the t-channel reaction γγ → ππ is usually described by the amplitudes
, with indices referring to the polarization of the incident photons. These amplitudes describe the respective cross section as follows:
with θ * the angle between the incident photon and the outgoing pion in the c.m. frame.
The cross section for γ + γ → π 0 + π 0 is obtained by multiplying the r.h.s of Eq. (14) with a factor 1/2, which accounts for two identical particles in the final state.
Assuming analyticity and an appropriate high-energy behavior, the amplitudes A i fulfill unsubtracted DRs at fixed t,
The Born terms A is the threshold for two-pion production in the s channel. The sum of pole and contact terms takes the form
where q is 0 for neutral and 1 for charged pions. As is obvious from Eq. (16), the Born contributions to the invariant amplitudes have a pure pole structure. The s-channel cut starts at the lowest production threshold, which is given by intermediate two-pion states,
i.e., s thr = 4m 2 . The same cuts appear in the t and u channels (see Fig. 1 ). For DRs at constant t ≤ 0, the crossing symmetry allows one to combine the s-and u-channel contributions in the form of Eq. (15).
Other types of DRs evade the u-channel contributions and replace them by the discontinuity in the t channel. These are DRs at fixed u = m 2 or at constant angle, e.g., θ = 180
• .
The former DRs take the form [11] 
with the constraint s + t = m 2 . In particular, the polarizabilities are obtained at the point s = m 2 and t = 0,
with A disp i the dispersive, i.e., non-pole contribution to the respective amplitude. For further convenience we introduce the dynamic polarizabilities
with
In order to evaluate the dispersion integral in Eq. (15), the imaginary parts in the s channel are determined by the unitarity relation, taking account of two-pion states and resonance contributions such as vector mesons in the intermediate state. The t-channel contribution of Eq. (17) is obtained in terms of unitarized partial-wave amplitudes following the method outlined in Refs. [19, 20] . In the t channel, the amplitudes A 1 (or M ++ ) and A 2 (or M +− ) correspond to photon helicity differences of Λ γ = 0 and Λ γ = 2, respectively.
III. MODELS
In this section we study 3 generic resonance models with the amplitudes
The amplitude F A describes an ideal resonance, a fixed pole at s = (M − 
where Γ γπ is the partial width for the decay of the vector meson to a pion-photon state.
Combining the above equations with Eq. (19), we find the following expressions for the dynamic polarizabilities:
This defines the models A, B, and C discussed in the following. Due to the square-root singularity at the origin, the coupling of Eq. (24) leads to an (unphysical) cut from s = −∞ to s = 0. For this reason we also introduce models with an energy-independent coupling fixed by the value at the resonance position, g 
A. Forward polarizability
Let us first address the DR for the forward polarizability, P (+) , which is obtained from the dispersion integral Eq. (15) evaluated at t = 0 (forward DR). The results for the s-channel contribution are listed in Table I . If the u channel is also included, the full polarizability is obtained by multiplication with a factor 2 (crossing symmetry). Because the amplitude F A0 does not have a cut, the dispersion integral runs over the full real axis. In the table, the integrals have been divided into the contributions above and below the physical branch point s = s 0 , labeled "right cut" and "left cut", respectively. The (unphysical) contribution of model A0 below the production threshold is clearly rather small. A look at the table
shows that the models yield quite similar contributions from the right cut. However, the models differ substantially in their analytic structure. In particular, they differ because of the following ingredients:
• The energy-dependent width of models B, B0, C, and C0 introduces the correct physical cut starting at s = 4m 2 and shifts the resonance pole to the second Riemann sheet. At the same time, this energy dependence leads to (unphysical) singularities of the amplitude on the first sheet: a pair of complex-conjugate poles in models B0 and B as well as a (spurious) pole on the negative axis at s ≈ −11 GeV 2 in model C0, that is, a deeply bound state of the pion-photon system. Independent of the physical questions involved with these models, we can not simply ignore these cuts and poles.
As an example, Fig. 2 displays the imaginary part of the dynamic polarizability P
C0 . Because the static polarizability is obtained at the small value s = m 2 , close to the onset of the cut seen on the right side of the figure, the effect of the distant pole on the left is suppressed (see Table I ).
• The energy-dependent coupling constant in models A, B, and C leads to an even more serious problem, a 1/ √ s singularity at the origin resulting in a further cut. In order to obtain real values for the polarizabilities, we draw this cut from s = 0 to −∞ (left Tables I and II. In a somewhat different language, the polarizability P (m 2 ) can be represented by a contour integral along a small circle about s = m 2 with radius ǫ,
If we blow up the contour, we expect only contributions from the upper and lower rim of the cut from s = s thr to +∞ and, possibly, from a full circle at infinity. Because the above amplitudes converge better than 1/s for large s, the contribution of the large circle converges to zero. Obviously, unphysical poles on the physical sheet and the unphysical left cut are obstacles for blowing up the contour, and therefore we have to add (I) the residues of the integrand P (s ′ )/(s ′ − s) at the poles and (II) the integral over the discontinuity of the imaginary part on the left cut in order to agree with the value given by the real part of the Compton amplitude. We hasten to add that all the above models have unphysical properties and therefore deserve further studies. However, it is our point to demonstrate that the experimentally known amplitude at resonance, s = M 2 , can not be uniquely continued to the threshold for Compton scattering, s = m 2 , but that such procedure leaves room for large model errors. It is also worth pointing out that in models B and C the crossing symmetry leads to four cuts, which cover the complete real axis with the result of complex (quasi-static) polarizabilities .
B. Backward polarizability
Let us now turn to the dispersion relation for the backward polarizability P (−) . Compared to the forward polarizability P (+) , the additional factor s in Eq. (25) leads to a much slower convergence of the integrals. This is most evident for model A0. As shown in Table II the integral over the right cut is still finite but increased by a factor M 2 /m 2 as compared to Table I . However, this factor is canceled by the finite contribution of the circle at infinity. The latter contribution vanishes for all other models. Table II In particular, model C corresponds to the expressions found in the Appendix of Ref. [11] .
Because of the spin J = 0 of the σ, the width opens like a square root at threshold. The low mass and the huge width of the σ lead to quite different analytical structures as compared to the vector mesons. Whereas models A and A 0 with their constant widths yield a pole at the complex mass t = (M − i Γ 0 /2) 2 , this pole has been moved onto the second sheet for B and B0, and in the case of C and C0 the σ pole has completely disappeared. The assumed analytical form also leads to a reasonable convergence of the dispersion integral over the right cut. However, the ansatz of Ref. [11] results in a left cut with a singularity at t = 0 leading to a dispersion integral with an integrand like t −3/2 near the origin. As a consequence the integral diverges like t −1/2 for t → 0, at which point the polarizability is defined. The numerical results are listed in Table V .
IV. DISPERSION RELATIONS IN THE t CHANNEL
The amplitudes A 1 and A 2 introduced in Sec. II correspond to photon helicity differences Λ γ = 0 and Λ γ = 2, respectively. They have the following partial-wave expansions involving total angular momentum J ≥ Λ γ and even isospin I = 0, 2:
where θ * is the scattering angle in the c.m. system. The isospin decomposition of the physical channels is given by
The partial waves A I JΛγ correspond to eigenstates of the scattering matrix, and their imaginary parts can be constructed by unitarity as follows:
with ρ n the density of states for each channel n and I the hadronic amplitude for the decay n → ππ. In the elastic region, the sum on the right hand side of Eq. (29) is saturated by the two-pion channel and, as an immediate consequence, the phase φ I JΛγ of each partial wave equals the corresponding pion-pion phase shift δ I J ≡ arg I I J (ππ → ππ). This fact can be incorporated into the Omnès function, which is constructed to have the phase of the ππ scattering amplitude above two-pion threshold and to be real otherwise,
The function A 
with the factor (t ′ −4m 2 ) (J−Λγ )/2 providing the right asymptotic behavior for the convergence of the integral. In particular, the S-wave amplitude is given by
Furthermore, we define the generalized Born term as 
where R V are determined from the condition [22] 
The comparison with Eqs. (20) - (25) in the zero-width approximation yields the relation
V ) the coupling of Eq. (24) at resonance. In the following we only discuss the most important vector mesons, the ρ(770) and ω(782).
At energies W ππ = √ t < 1 GeV the phases are only large for the partial waves with I = J = 0, and therefore most of the final-state interaction is contained in Ω I 00 . We construct these S waves with the phase shifts given by Ref. [23] . The S-wave projections of the Born and vector meson contributions read
Because the phases of the higher partial waves are generally small for W ππ < 1 GeV, they can be well described by the generalized Born amplitude in this region, and their contribution to the polarizability can be neglected. However, the γγ → ππ process has a distinct resonance structure corresponding to the isoscalar f 2 (1270) resonance with mass and therefore contributes only to the amplitude A 0 2 . We model this contribution according to Ref. [19] by the Breit-Wigner ansatz
where the coupling constant g f 2 ππ is known from the decay f 2 → ππ, g f 2 ππ = 23.65 [24] , and g f 2 γγ is fitted to the γγ → ππ cross section at the resonance position, resulting in g f 2 γγ ≈ 0.247 consistent with Ref. [24] . As a result the f 2 resonance contribution is
With the unitarized S-wave contribution from Eq. (32) and, for the higher partial waves, the generalized Born contribution of Eq. (33) and the f 2 resonance contribution of Eq. (41), the full t-channel amplitudes can be cast into the form
These amplitudes lead to the following results for the polarizabilities: The γγ → ππ cross section is obtained from the amplitudes of Eq. (42) with the S-wave contribution evaluated by the following subtracted DR:
where the subtraction constants c I 00 are related to the polarizabilities by c I=0 00 Fig. 6 . The f 2 resonance contribution is clearly visible near W ππ = 1.2 GeV. However, the contribution of this resonance to the polarizability is very small, as has been noted before.
The corresponding results for the γγ → π 0 π 0 cross section are shown in Fig. 7 . For this reaction the differences among the models are much more pronounced, and at energies above the f 2 resonance the discussed method fails completely, most likely because of the inelasticities due to more-pion and heavier systems. In order to highlight the importance of the vector mesons, Fig. 8 presents the results of the previous figure without the vectormeson contributions. A correct unitarization of the full amplitude will be required in order to describe the higher-energy region. Such a more consistent treatment has been developed, for instance, in Refs. [25] and [26] . The large model dependency for the neutral pion channel has also been observed in the recent work of Oller and Roca [27] . Finally, we present our predictions for α − β in Table VI, Furthermore, the results for the π 0 cross section from unsubtracted DRs do not describe the data for energies above 500 MeV. A much better description of the data is obtained by the subtracted DR with the subtraction constant as predicted by ChPT at the two-loop level [28] (dashed line in Fig. 7 ).
V. CONCLUSION
The polarizabilities of the pion are elementary structure constants and therefore funda- usually treated in the zero-width approximation and estimated to yield a much smaller effect for the polarizability, e.g., the ω contributes only about 1 unit to the neutral pion polarizability [22, 28] . The apparent discrepancy between the two approaches can be attributed to the specific forms for the imaginary part of the Compton amplitudes [12, 13] , which serve as input for the dispersion integrals determining the polarizability at the Compton threshold (s = m 2 , t = 0). In order to quantify the strong model dependence of this procedure, we have studied six different analytical forms including the model of Refs. [12, 13] . We recall that all these models are fitted to the same masses and widths of the exchanged mesons, and in this sense they represent the experimentally known information in the same way. Concentrating on the important ω meson and the forward polarizability, we find from Table III that the models A0, B0, and C0 (with a constant coupling strength) predict a contribution of about 0.7 for the sum of s and u channel, in reasonable agreement with Ref. [22, 28] . The energy dependence of the coupling constant in models A, B, and C leads to an unphysical left cut (see Fig. 3 ) and increases the contribution to the real part by a factor M ω /m ≈ 7. However, all the models agree if only the right cut is accounted for. If we now turn to the backward polarizability, we expect from Eq. (25) that the paramagnetic dipole transition involved leads to a mere sign change compared to the forward polarizability, as is indeed reproduced by the real part in Table IV . However, the right-cut integral has increased to large absolute values. As a consequence, the dispersion integral over the right cut from two-pion threshold to infinity does not converge to a (plausible) continuation of the real part to the Compton threshold.
The missing contributions to yield the real part are provided by unphysical features of the models. We conclude that the strong singularities in the form of poles (e.g., photon-pion The arguments about the σ exchange in the t channel are more subtle. In
Sec. III we have used the parameters of Ref. [11] who put the pole position at M σ = (0.547 − 0.602 i) GeV. The more recent analyses of pion-pion scattering find such a resonance at M σ = (0.441 − 0.271 i) GeV [29] and M σ = (0.456 − 0.241 i) GeV [27] .
Its large width of at least 500 MeV and low mass (only about 300 MeV above two-pion threshold) lead to a complicated line-shape. However, we consider it dangerous to model this resonance with 1/ √ t factors [11] because of the divergence exactly at the point t = 0 where the polarizability is determined. Instead we prefer the method outlined in Sec. IV, which follows Ref. [22] and also previous calculations using t-channel DRs to determine the nucleon's polarizability [19] . In this way the amplitudes are directly constructed from the pion-pion phase shifts, at least in the region below four-pion threshold.
Our numerical results yield an S-wave contribution of about 6 units for both charged and neutral pions, that is, only half of the value predicted for the σ contribution by Ref. [11] .
Our calculations based on unsubtracted DRs for the Compton amplitudes are in reasonable agreement with ChPT for the charged pion, whereas some agent is missing to reduce the backward polarizability of the neutral pion to the small values predicted by ChPT.
Contrary to the charged pion, the neutral-pion cross section is not well described by unsubtracted DRs, and therefore no reliable prediction for α π 0 − β π 0 is possible at present. The open questions in this field deserve further studies along the lines presented in recent and ongoing work [27, 29] . At the same time also new and independent experimental information as well as improved analysis of existing data are necessary. We repeat that the polarizability of the pion is a fundamental benchmark of QCD in the realm of confinement. It is therefore of utmost importance to clarify the yet existing discrepancies among the predictions of experiment and theory. Table V: The t-channel contribution to the backward polarizability α − β of the pion predicted by different models for the σ meson propagator and for the πγσ coupling constant. The notation is the same as in Table I . However note that there are neither contributions from residua on the first sheet nor from the contour at infinity. 
